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GRADED RINGS OF INTEGRAL JACOBI FORMS
VALERY GRITSENKO AND HAOWU WANG
Abstract. We determine the structure of the bigraded ring of weak
Jacobi forms with integral Fourier coefficients. This ring is the target
ring of a map generalising the Witten and elliptic genera and a partition
function of (0, 2)-model in string theory. We also determine the structure
of the graded ring of all weakly holomorphic Jacobi forms of weight
zero. These forms are the data for Borcherds products for the Siegel
paramodular groups.
1. Introduction: Jacobi modular forms as partition functions
Jacobi modular forms of different types appear in number theory, ge-
ometry, physics and the theory of affine Lie algebras as special partition
functions. For example, the elliptic genus of any complex variety with triv-
ial first Chern class is a weak Jacobi form of weight 0 with integral Fourier
coefficients (see [KYY94], [G99a], [T00]). This Jacobi form generates an
automorphic Borcherds product determining the second quantised elliptic
genus of Calabi-Yau manifolds (see [DMVV97], [GN95], [G99a]) and parti-
tion functions of some string models defined on Calabi-Yau manifolds with
elliptic fibrations. More generally one can define a partition function for a
vector bundle over a complex manifold. This function is also a meromorphic
function of Jacobi type (see [G99b]).
Let M = Md be an (almost) complex compact manifold of (complex)
dimension d and E = Er be a holomorphic vector bundle of rank r over M .
We set q = exp(2piiτ) and ζ = exp(2piiz) (τ ∈ H, z ∈ C). One can define a
formal series Eq,ζ ∈ K(M)[[q, ζ
±1]]
Eq,ζ =
∞⊗
n=0
∧
−ζ−1qn
E∗ ⊗
∞⊗
n=1
∧
−ζqn
E ⊗
∞⊗
n=1
SqnT
∗
M ⊗
∞⊗
n=1
SqnTM ,
where E∗ is dual to E, TM denotes the holomorphic tangent bundle of M ,∧
xE =
∑
k≥0 (∧
kE)xk, and SxE =
∑
k≥0(S
kE)xk.
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The modified Witten genus (see [G99b]) of Er →Md is a function of two
variables τ ∈ H and z ∈ C
χ(Md, Er; τ, z) = q
(r−d)/12ζr/2
∫
Md
exp
(
1
2
(
c1(Er)− c1(TMd)
))
·
exp
((
p1(Er)− p1(TMd)
)
·G2(τ)
)
exp
(
−
c1(Er)
2pii
ϑz
ϑ
(τ, z)
)
ch(Eq,ζ)td(TMd),
where c1(Er) and p1(Er) are the first Chern and Pontryagin classes of Er, td
is the Todd class, ch(Eq,ζ) is the Chern character applied to each coefficient
of the formal power series, and
∫
M denotes the evaluation of the top degree
differential form on the fundamental cycle of the manifold. In the definition
of χ(Md, Er; τ, z) we use the odd Jacobi theta-series of level two (see [M83])
(1.1) ϑ(τ, z) = q1/8(ζ1/2 − ζ−1/2)
∏
n≥1
(1− qnζ)(1− qnζ−1)(1 − qn),
where ϑz(τ, z) =
∂ϑ(τ, z)
∂z
and G2(τ) = −
1
24 +
∑∞
n=1 σ1(n) q
n is the quasi-
modular Eisenstein series of weight 2.
Examples. 1. Let E = 0 be the trivial vector bundle of rank 0. Let us
assume that M admits a spin structure and p1(M) = 0. In this case, the
partition function is equal to the Witten genus (see [Wit88]), up to division
by a power of the Dedekind η-function,
qd/12χ(M, 0; τ, z) =
Witten genus (M, τ)
η(τ)2d
.
It is known that the Witten genus is a SL2(Z)-modular form of weight 2d.
2. Let M be a complex compact manifold, E = TM , and c1(TM ) = 0.
Then this partition function coincides with the elliptic genus of Md, i.e. the
holomorphic Euler characteristic of Eq,y ([KYY94], [G99a], [BL00])
χ(M,TM ; τ, z) = φell(M ; τ, z) = ζ
d/2
∫
M
ch(Eq,ζ)td(TM ).
It is known that the last function is a weak Jacobi form of weight 0 and index
d/2 (see §2.1 below). The target ring for the elliptic genus is the graded ring
Jw,Z0,∗ of all weak Jacobi forms of weight zero with integral Fourier coefficients.
The ring Jw,Z0,∗ has four generators over Z with one torsion relation between
them (see [G99a]).
The function χ(Md, Er; τ, z) may have a pole only at z = 0. It is holo-
morphic if r ≥ d or c1(E) = 0 (over R). If r < d then the modified function
η(τ)r−dϑ(τ, z)d−rχ(Md, Er, τ, z) is a weak Jacobi form of weight 0 and index
d/2. For example, if c1(E2) = Aˆ(M6) = 0 and p1(E2) = p1(TM6), then
χ(M6, E2; τ, z) = −Aˆ(M6, E2)E4,1(τ, z)η(τ)
−8,
where E4,1(τ, z) is a Jacobi–Eisenstein series (see §3.2 below) and Aˆ(M6, E2)
is the twisted Aˆ-genus.
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In this paper we describe the structure of the bigraded ring Jw,Z∗,∗ of all
weak Jacobi forms with integral Fourier coefficients which contains the par-
tition functions χ(Md, Er; τ, z). We show that this ring has 14 generators
satisfying 10 relations (see Theorem 3.5).
In §4 we also determine the structure of the graded ring of weakly holo-
morphic Jacobi forms of weight 0 with integral Fourier coefficients (see
Theorem 4.1). These functions are the data for automorphic Borcherds
products for the Siegel paramodular groups (see [GN98]). This ring has 8
generators of three different types: the modular invariants j(τ), four gen-
erators φ0,1, . . . , φ0,4 of the elliptic genus type and three generators related
to Jacobi–Eisenstein series that appear in formulas for partition functions
of type χ(M6, E2; τ, z). All eight generators produce remarkable Borcherds
products. The normalised modular invariant J(τ) = j(τ) − 744 defines the
monstrous Lie algebra (see [Bor92]). Other generators determine the main
Lorentzian Kac–Moody algebras in the Gritsenko–Nikulin classification (see
[GN98]). The first generator φ0,1 and its Kac–Moody algebra correspond
to the second quantised elliptic genus of K3 surface mentioned above. The
generators φ0,2, φ0,3, φ0,4 take part in the formulas for the second quantised
elliptic genus of Calabi–Yau manifolds of dimensions 4, 6 and 8. We sup-
pose that the last three generators in Theorem 4.1 produce similar objects
for vector bundles of some Calabi–Yau varieties.
2. The basic Jacobi modular forms and Jacobi theta-series
In this section we introduce the main facts related to Jacobi forms that
will be useful for the further constructions. We refer to the book [EZ85] for
the Jacobi forms of integral weights and indices and [GN98] for the case of
half-integral indices and weights.
2.1. Definition of Jacobi forms. The Jacobi group ΓJ(Z) is the semidi-
rect product of SL2(Z) and the integral Heisenberg group H(Z) which is
the central extension of Z× Z. The natural model of ΓJ(Z) is the maximal
parabolic subgroup of the Siegel modular group of genus 2 fixing an isotropic
line. Let χ : ΓJ(Z) → C∗ be a character (or a multiplier system) of finite
order. By [CG13, Proposition 2.1], its restriction to SL2(Z) is a power υ
D
η
of the multiplier system of the Dedekind η-function and we have
χ(A · [x, y; r]) = υDη (A) · υ
t
H([x, y; r]), υH([x, y; r]) = (−1)
x+y+xy+r,
where A ∈ SL2(Z), t = 0, 1 and υH is the unique binary character of H(Z).
Definition 2.1. Let k ∈ 12Z and t ∈
1
2N. A holomorphic function φ :
H×C→ C is called a weakly holomorphic Jacobi form of weight k and index
t with a character (or a multiplier system) of finite order χ : ΓJ(Z)→ C∗ if
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it satisfies
φ
(
aτ + b
cτ + d
,
z
cτ + d
)
= χ(A)(cτ + d)ke2piit
cz
2
cτ+dφ(τ, z),
φ(τ, z + xτ + y) = χ([x, y; 0])e−2piit(x
2τ+2xz)φ(τ, z),
for A =
(
a b
c d
)
∈ SL2(Z), x, y ∈ Z and has a Fourier expansion of the form
φ(τ, z) =
∑
n≥n0,n≡
D
24
modZ
l∈ 1
2
Z
f(n, l) exp(2pii(nτ + lz)),
where n0 ∈ Z is a constant and χ|SL2(Z)= υ
D
η with 0 ≤ D < 24.
If φ satisfies the condition (f(n, l) 6= 0 =⇒ n ≥ 0) then it is called a weak
Jacobi form. If φ further satisfies the condition (f(n, l) 6= 0 =⇒ 4nt−l2 ≥ 0)
then it is called a holomorphic Jacobi form. If φ further satisfies the stronger
condition (f(n, l) 6= 0 =⇒ 4nt− l2 > 0) then it is called a Jacobi cusp form.
We denote by
J !k,t(χ) ⊃ J
w
k,t(χ) ⊃ Jk,t(χ) ⊃ J
cusp
k,t (χ)
the vector spaces of weakly holomorphic Jacobi forms of weight k and index
t with character χ and the corresponding spaces of weak, holomorphic and
cusp Jacobi forms. If the character is trivial, we write Jk,t = Jk,t(1) for
short.
From the definition, it is easy to see that
Jwk,t(υ
D
η · υ
2t
H ) = η
D · Jw
k−D
2
,t
(υ2tH), and k −
D
2
∈ Z.
2.2. Jacobi theta functions. We recall some standard facts about Jacobi
theta functions which play important role in our constructions. Let q = e2piiτ
and ζ = e2piiz, where τ ∈ H and z ∈ C. The main Jacobi theta-series is
defined in (1.1)
ϑ(τ, z) = q
1
8 ζ
1
2
∑
n∈Z
(−1)nq
n(n+1)
2 ζn ∈ J 1
2
, 1
2
(υ3η · υH).
We note that ϑ(τ,−z) = −ϑ(τ, z) and ϑ(τ, z) = −iϑ11(τ, z) in notations of
[M83, Chapter 1]. Its set of simple zeros is Zτ + Z. There are three other
Jacobi theta functions of level two:
ϑ00(τ, z) =
∑
n∈Z
q
n
2
2 ζn, ϑ01(τ, z) =
∑
n∈Z
(−1)nq
n
2
2 ζn,
ϑ10(τ, z) = q
1
8 ζ
1
2
∑
n∈Z
q
n(n+1)
2 ζn.
We can consider them as functions conjugated (in the sense of Jacobi group)
to ϑ(τ, z) (see [GW18]). We also define the corresponding theta-constants
θab(τ) = ϑab(τ, 0) and ξab(τ, z) = ϑab(τ, z)/ϑab(τ, 0),
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for ab = 00, 01, 10. From their infinite product expansions, we see that ξ00,
ξ01 and 2ξ10 have integral Fourier coefficients.
2.3. The bigraded ring of Jacobi forms over C. For convenience, we
first introduce some notations of basic modular forms and Jacobi forms.
Let Ek denote the Eisenstein series of weight k on SL2(Z). Let ∆ = η
24
denote the cusp form of weight 12 on SL2(Z). The function Ek,m denotes
the Jacobi-Eisenstein series of weight k and index m introduced in [EZ85].
Throughout the paper, the symbol ζ±m denotes the sum ζm + ζ−m.
The structure of the ring of weak Jacobi forms over C is well-known and
rather simple. Firstly, [EZ85, Theorem 9.4] tells that the bigraded ring of
weak Jacobi forms of even weight and integral index Jw2∗,∗ = ⊕k∈Z,t∈N J
w
2k,t is
a polynomial algebra in two generators φ0,1 and φ−2,1 over the graded ring
of SL2(Z)-modular forms. There are many different constructions for these
generators (see [EZ85], [GN98], [G99a])
φ−2,1(τ, z) =
ϑ2(τ, z)
η6(τ)
=
E24(τ)E4,1 −E6(τ)E6,1(τ, z)
∆(τ)
= ζ±1 − 2 + q(−2ζ±2 + 8ζ±1 − 12) +O(q2) ∈ Jw−2,1,
(2.1)
φ0,1(τ, z) = −
3
pi2
℘(τ, z)φ−2,1(τ, z) = 4(ξ
2
00 + ξ
2
01 + ξ
2
10)(τ, z)
= ζ±1 + 10 + q(10ζ±2 − 64ζ±1 + 108) +O(q2) ∈ Jw0,1,
(2.2)
where ℘(τ, z) ∈ Jmer2,0 is the Weierstrass function.
We note that 2φ0,1(τ, z) is equal to the elliptic genus of K3 surface. The
function φ0,1 itself is equal to the elliptic genus of Enriques surface.
For k ∈ Z and t ∈ N, we have (see [G99a]):
Jw2k+1,t = φ−1,2 · J
w
2k+2,t−2, φ−1,2(τ, z) =
ϑ(τ, 2z)
η3(τ)
,(2.3)
Jw
2k,t+ 1
2
= φ0, 3
2
· Jw2k,t−1, J
w
2k+1,t+ 1
2
= φ−1, 1
2
· Jw2k+2,t,(2.4)
where
φ0, 3
2
(τ, z) =
ϑ(τ, 2z)
ϑ(τ, z)
, φ−1, 1
2
(τ, z) =
ϑ(τ, z)
η3(τ)
.(2.5)
Since the functions φ−1,2, φ0, 3
2
and φ−1, 1
2
have infinite product expansions,
the relations (2.3) and (2.4) hold for the corresponding spaces of Jacobi
forms with integral Fourier coefficients.
We note that the function e(M)2 φ0, 32
is equal to the elliptic genus of Calabi–
Yau 3-folds with Euler number e(M). The function e(M)24 φ0,1φ0, 32
coincides
with the elliptic genus of Calabi–Yau 5-folds. It follows that e(M) ≡ 0
mod 24 for any Calabi–Yau 5-folds (see [G99a]).
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3. Z-structure of different graded rings of weak Jacobi forms
3.1. The graded ring of integral Jacobi forms of weight 0. We denote
by Jw,Zk,m the Z-module of all weak Jacobi forms of weight k and index m
with integral Fourier coefficients for k ∈ Z, m ∈ N. The main theorem of
the paper is Theorem 3.5. To prove it we have to construct generators of
Jw,Z∗,∗ . Following [G99a], we introduce the graded ring
Jw,Z0,∗ =
⊕
m∈N
Jw,Z0,m
and its ideal
Jw,Z0,∗ (q) = {φ ∈ J
w,Z
0,∗ : φ(τ, z) =
∑
n≥1,l∈Z
a(n, l)qnζ l}
of the Jacobi forms without q0-term in their Fourier expansions.
It is clear that φ−2,1 ∈ J
w,Z
−2,1 because it has an integral infinite product
expansion due to Jacobi triple product. Since ξ00, ξ01, 2ξ10 have integral
Fourier coefficients, we have φ0,1 ∈ J
w,Z
0,1 (as the elliptic genus of K3 surface).
There are three other integral basic Jacobi forms of index 2, 3 and 4 which
play a crucial role in the classification of Lorentzian Kac–Moody algebras of
hyperbolic rank 3 (see [GN98, Example 2.3 and Lemma 2.5]). We have
φ0,2(τ, z) = 2(ξ00 + ξ01 + ξ10)(τ, 2z)
= ζ±1 + 4 + q(ζ±3 − 8ζ±2 − ζ±1 + 16) +O(q2) ∈ Jw,Z0,2 ,
(3.1)
φ0,3(τ, z) =
ϑ(τ, 2z)2
ϑ(τ, z)2
= ζ±1 + 2 + q(−2ζ±3 − 2ζ±2 + 2ζ±1 + 4) +O(q2) ∈ Jw,Z0,3 ,
(3.2)
φ0,4(τ, z) =
ϑ(τ, 3z)
ϑ(τ, z)
= ζ±1 + 1− q(ζ±4 + ζ±3 − ζ±1 − 2) +O(q2) ∈ Jw,Z0,4 .
(3.3)
Let us remark that the formula for φ0,2 above is different from the five
formulas for this function from [GN98] and [G99a]. In this form, it is easier
to see that φ0,2 has integral Fourier coefficients.
The following [G99a, Theorem 1.9] describes a structure of Jw,Z0,∗ .
Theorem 3.1. (a) Let m be a positive integer. The module
Jw,Z0,m/J
w,Z
0,m (q) = Z[ψ
(1)
0,m, ..., ψ
(m)
0,m ]
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is a free Z-module of rank m. Moreover, there is a basis consisting
of ψ
(n)
0,m, 1 ≤ n ≤ m, with the following q
0-term
[ψ
(1)
0,m]q0 =
1
(12,m)
(mζ + (12 − 2m) +mζ−1),
[ψ
(2)
0,m]q0 = ζ
2 − 4ζ + 6− 4ζ−1 + ζ−2,
[ψ
(n)
0,m]q0 = ζ
±n +
∑
0≤i<n
c(i)ζ±i, c(i) ∈ Z, (3 ≤ n ≤ m),
where (12,m) is the greatest common divisor of 12 and m.
(b) The ideal Jw,Z0,∗ (q) is principal. It is generated by
ξ0,6(τ, z) =
ϑ12(τ, z)
η12(τ)
= q(ζ
1
2 − ζ−
1
2 )12 +O(q2) ∈ Jw,Z0,6 .
(c) The graded ring Jw,Z0,∗ is finitely generated over Z. More precisely,
Jw,Z0,∗ = Z[φ0,1, φ0,2, φ0,3, φ0,4].
The functions φ0,1, φ0,2, φ0,3 are algebraically independent over C
and 4φ0,4 = φ0,1φ0,3−φ
2
0,2. Moreover, we have the following formula
for the discriminant ξ0,6 = −φ
2
0,1φ0,4+9φ0,1φ0,2φ0,3− 8φ
3
0,2− 27φ
2
0,3.
3.2. Weak Jacobi forms with integral coefficients. As a corollary of
Theorem 3.1, we give an efficient method to check whether the Fourier co-
efficients of a weak Jacobi form are integers or not.
Theorem 3.2. Let ϕ =
∑
f(n, l)qnζ l ∈ Jw2k,m, where k ∈ Z, m ∈ N. If the
Fourier coefficients of the first [m+k6 ] q-terms are integral, i.e. f(n, l) ∈ Z
for 0 ≤ n ≤ [m+k6 ] and l ∈ Z, then all Fourier coefficients of ϕ are integral.
Here, [x] is the integral part of x.
Proof. When m = 0, the function ϕ is independent of z and, hence, it is a
SL2(Z)-modular form. In this case, the result is clear. We next assume that
m ≥ 1. We first show that the assertion is true when k = 0. We prove this
fact by induction of the index m using the following two arguments.
Let ϕ ∈ Jw0,m and assume that all Fourier coefficients of q
0-term are inte-
gral. From Theorem 3.1 (a), there exists a weak Jacobi form ψ ∈ Jw,Z0,m with
the same q0-term. Therefore (ϕ− ψ)/ξ06 ∈ J
w
0,m−6 by Theorem 3.1 (b).
Let ϕ ∈ Jw0,m with m < 6. If the Fourier coefficients of q
0-term are
integral, then ϕ ∈ Jw,Z0,m according to Theorem 3.1 (a), (b).
The general case is reduced to the case k = 0. If ϕ ∈ Jw2k,m, then we have
that ϕ · φk−2,1 ∈ J
w
0,m+k, and ϕ ∈ J
w,Z
2k,m if and only if ϕ · φ
k
−2,1 ∈ J
w,Z
0,m+k. 
The main difference between the Z-modules Jw,Z0,m and J
w,Z
k,m is the fact that
for a positive weight there is a Jacobi form whose q0-term is equal to 1.
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Corollary 3.3. For any even weight 2k ≥ 4 and index m ≥ 0 there exists
an integral Jacobi form
F2k,m = 1 +O(q) ∈ J
w,Z
2k,m.
Proof. If m = 0, one can construct such modular form in τ as a product of
the Eisenstein series Ek(τ) = 1−
4k
B2k
∑∞
n=1 σk−1(n)q
n of weight 4 and 6 with
integral Fourier coefficients. For m ≥ 1 one can define the Jacobi–Eisenstein
series (see [EZ85, §7])
Ek,m(τ, z) =
1
2
∑
c,d∈Z
(c,d)=1
∑
l∈Z
(cτ + d)−k exp(2pii
(
l2 aτ+bcτ+d + 2l
z
cτ+d −
cz2
cτ+d
)
).
In general, the Fourier coefficients of Ek,m are not integral (see [GW18,
Lemma 2.3]). In fact, one can use only the series Ek,1 of index one because
the series Ek,m can be expressed in terms of Ek,1 and the Hecke type opera-
tors Vd, Ud (see [EZ85, (13), p.48]). By Theorem 3.2, the Jacobi-Eisenstein
series E4,1, E4,2, E4,3, E6,1, E6,2 have integral Fourier coefficients because
their q0-terms are all constant 1. Thus we can define F2k,m = E2k,m for
(k,m) = (2, 1), (2, 2), (2, 3), (3, 1), (3, 2). Then we put
F6,3 =
1
2
(E6,1φ0,2 − E6φ0,3).(3.4)
We calculate its q1-term
F6,3 = 1 + q(2ζ
±3 − 45ζ±2 − 90ζ±1 − 238) +O(q2).
By Theorem 3.2, F6,3 has integral Fourier coefficients. So, we finish the
construction of F2k,m by the following recursion formulas
F4k,0 = E
k
4 , F4k+2 = E
k−1
4 E6, k ≥ 1;
F2k,m = F2k−4,0F4,m, k ≥ 4, m = 1, 2, 3;
F2k,m = F2k,m−3φ0,3 − F2k,m−4φ0,4, k ≥ 2, m ≥ 4.

Theorem 3.1 gives us also a method to produce a lot of relations between
weak Jacobi forms, for example, between generators from Corollary 3.3.
Using the structure of the divisor of φ−2,1 we get
E4φ0,1 − E6φ−2,1 = 12E4,1, E4,1φ0,1 − E6,1φ−2,1 = 12E4,2,
E6φ0,1 − E
2
4φ−2,1 = 12E6,1, E6,1φ0,1 − E4(τ)E4,1φ−2,1 = 12E6,2,
E4,1φ0,2 − E4φ0,3 = 2E4,3, E4,2φ0,1 − E4,1φ0,2 = 6E4,3.
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Using these relations we can easily calculate the first terms in the Fourier
expansions of the Jacobi–Eisenstein series
E4,1(τ, z) =1 + q(ζ
±2 + 56ζ±1 + 126) +O(q2),
E4,2(τ, z) =1 + q(14ζ
±2 + 64ζ±1 + 84) +O(q2),
E4,3(τ, z) =1 + q(2ζ
±3 + 27ζ±2 + 54ζ±1 + 74) +O(q2),
(compare with the table at the end of [EZ85]). In particular, we obtain that
E4,1(τ, z) ≡ E6,1(τ, z) mod 24, E4,2 ≡ E
2
4,1 mod 12.
Note that F6,3 is not Jacobi–Eisenstein series because the Fourier coefficients
of E6,3 are not integral. (See the remark after the proof of Theorem 3.5.)
We note that there is another way to see that E4,m has integral Fourier
coefficients for m = 1, 2, 3. For these indices we have
E4,m(τ, z) = ϑE8(τ, zvm), vm ∈ E8, (vm, vm) = 2m
where
ϑE8(τ, z) =
∑
v∈E8
epii(v,v)τ+2pii(v,z)
is the Jacobi theta series in z ∈ E8 ⊗ C for the root lattice E8.
3.3. Siegel modular forms with integral Fourier coefficients. Theo-
rem 3.2 can be applied to the theory of Siegel modular forms of genus 2. In
[Igu79], Igusa determined the structure of the space of Siegel modular forms
of genus 2 with integral Fourier coefficients. One difficulty in his proof is to
show that the generators have integral Fourier coefficients. However, Theo-
rem 3.4 provides us to do this in an efficient way. We hope that using the
last theorem we can determine the integral structure of the graded ring of
Siegel modular forms for the paramodular groups Γ2 and Γ3.
Theorem 3.4. Let
Φ(τ1, z, τ2) =
∑
n,m∈N,l∈Z
4nm≥l2
c(n, l,m)qn1 q
m
2 ζ
l
be a Siegel modular form of genus 2 and weight 2k, where q1 = e
2piiτ1 ,
q2 = e
2piiτ2 , ζ = e2piiz. If c(n, l,m) ∈ Z for all m ≤
[
k+1
5
]
, n ≤
[
k+m
6
]
and
l2 ≤ 4nm, then c(n, l,m) are all integral, which means that Φ has integral
Fourier coefficients.
Proof. We first write
Φ(τ1, z, τ2) =
∑
m≥0
fm(τ1, z)q
m
2 ,
where
fm(τ1, z) =
∑
n∈N,l∈Z
4nm≥l2
c(n, l,m)qn1 ζ
l.
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It is well-known that fm(τ1, z) is a holomorphic Jacobi form of weight 2k
and index m. Note that c(n, l,m) = c(m, l, n). Assume that f1, · · · , fm
have integral Fourier coefficients. Then the Fourier coefficients of the first
m q-terms of fm+1 are all integral. By Theorem 3.2, if [
k+m+1
6 ] ≤ m then
fm+1 has integral Fourier coefficients. Suppose that
k+1
5 = x+
y
5 with x ∈ N
and 0 ≤ y ≤ 4. Fix m ≥
[
k+1
5
]
. Then we can write m = x + t with t ∈ N.
We have [
k+m+1
6
]
=
[
(5x+y)+(x+t)
6
]
= x+
[y+t
6
]
≤ x+ t.
Hence, if fi, 0 ≤ i ≤
[
k+1
5
]
, have integral Fourier coefficients, then fj also
has integral Fourier coefficients for any j >
[
k+1
5
]
. The proof is completed
by Theorem 3.2. 
3.4. The bigraded ring of weak Jacobi forms. We now can state and
prove the main theorem.
Theorem 3.5. The bigraded ring of all weak Jacobi forms of even weight
and integral index with integral Fourier coefficients is finitely generated over
Z. More exactly, we have
Jw,Z2∗,∗ = Z[E4, E6,∆, E4,1, E4,2, E4,3, E6,1, E6,2, F6,3, φ0,1, φ0,2, φ0,3, φ0,4, φ−2,1],
where Ek,m are Jacobi–Eisenstein series and F6,3 is defined in (3.4). The
generators E4, E6, φ0,1 and φ−2,1 are algebraically independent over C. The
rest generators belong to Q[E4, E6, φ0,1, φ−2,1]. More precisely, we have
(26 · 33)∆ =E34 − E
2
6 ,
(23 · 3)φ0,2 =φ
2
0,1 −E4φ
2
−2,1,
(24 · 33)φ0,3 =φ
3
0,1 − 3E4φ0,1φ
2
−2,1 + 2E6φ
3
−2,1,
4φ0,4 =φ0,1φ0,3 − φ
2
0,2,
12E4,1 =E4φ0,1 − E6φ−2,1,
12E6,1 =E6φ0,1 − E
2
4φ−2,1,
6E4,2 =E4,1φ0,1 − E4φ0,2 =
1
24
(E4φ
2
0,1 − 2E6φ0,1φ−2,1 +E
2
4φ
2
−2,1),
6E6,2 =E6,1φ0,1 − E6φ0,2 =
1
24
(E6φ
2
0,1 − 2E
2
4φ0,1φ−2,1 + E4E6φ
2
−2,1),
2E4,3 =E4,1φ0,2 − E4φ0,3 =
1
3
(E4,2φ0,1 − E4,1φ0,2)
=
1
4
(E4,2φ0,1 − E4φ0,3),
2F6,3 =E6,1φ0,2 − E6φ0,3 =
1
3
(E6,2φ0,1 − E6,1φ0,2) + 8∆φ
3
−2,1
=
1
4
(E6,2φ0,1 − E6φ0,3) + 6∆φ
3
−2,1 = 2E6,3 +
288
61
∆φ3−2,1,
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and
Jw,Z2∗,∗ ( Z
[
1
2
,
1
3
]
[E4, E6, φ0,1, φ−2,1].
Proof. We divide the proof into several steps.
(i) By Theorem 3.1 (c), we have
Jw,Z0,∗ = Z[φ0,1, φ0,2, φ0,3, φ0,4].
From Jw2∗,∗ = C[E4, E6, φ0,1, φ−2,1], we get
Jw,Z
−2k,m = φ
k
−2,1J
w,Z
0,m−k, k > 0, m > 0.
(ii) Using Corollary 3.3 we find Jacobi forms whose q0-terms contain only
coefficients 1 or ζ±i for 1 ≤ i ≤ m for any k ≥ 2 and m ≥ 1. We construct
them in the ring
A = Z[E4, E6, E4,1, E4,2, E4,3, E6,1, E6,2, F6,3, φ0,1, φ0,2, φ0,3, φ0,4].
We put
F
(1)
2k,m = F2k,m−1φ0,1 = ζ
±1 + 10 +O(q), m ≥ 1,
F
(i)
2k,m = F2k,0ψ
(i)
0,m = ζ
±i + c0 +
∑
1≤j<i
c(j)ζ±j +O(q), m ≥ 2,
where Jacobi forms ψ
(i)
0,m are introduced in Theorem 3.1 (a) and c(j) ∈ Z
and 2 ≤ i ≤ m.
(iii) For arbitrary φ ∈ Jw,Z2k,m with k ≥ 2, there exists a weak Jacobi form
ψ ∈ A such that
φ− ψ ∈ Jw,Z2k,m(q) and (φ− ψ)/∆ ∈ J
w,Z
2k−12,m.
For arbitrary φ ∈ Jw,Z2,m , we have φ ∈ φ−2,1J
w,Z
4,m−1 because φ(τ, 0) = 0.
(iv) By means of steps (i) and (iii), we complete the proof by induction
of weight 2k. In order to prove these relations except the last one for F6,3,
we only need to check that their q0-terms are the same because the corre-
sponding spaces of Jacobi forms are of dimension one. For the last one, we
need to compare their q0-terms and q1-terms. 
Remark. The above theorem was announced without a proof in [G99b,
Theorem 2.3] where the function E′6,3 = E6,3 +
22
61∆φ
3
−2,1 was used instead
of F6,3. The last formula shows that the Jacobi–Eisenstein series E6,3 has
non-integral Fourier coefficients. In fact, we have F6,3 = E
′
6,3+2∆φ
3
−2,1 and
there is a beautiful formula
(3.5) E′6,3 = θ
6
01ϑ
6
01 +
3
2
θ401θ
2
10ϑ
4
01ϑ
2
10 −
3
2
θ201θ
4
10ϑ
2
01ϑ
4
10 − θ
6
10ϑ
6
10,
(see §2.2). Since 12θ10 has integral Fourier coefficients, the function E
′
6,3 also
has integral Fourier coefficients.
Using Theorem 3.5 and relations (2.3) and (2.4) we get
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Corollary 3.6. The bigraded ring Jw,Z
∗,∗/2 of weak Jacobi forms of integral
weights and half-integral indices with integral Fourier coefficients is finitely
generated over Z and equal to
Z
[
E4, E6,∆, E4,1, E4,2, E4,3, E6,1, E6,2, F6,3, φ0,1, φ0,2, φ0, 3
2
, φ0,4, φ−1, 1
2
]
.
Note that
φ2
0, 3
2
= φ0,3, φ
2
−1, 1
2
= φ−2,1, φ0, 3
2
φ−1, 1
2
= φ−1,2.
4. Integral weakly holomorphic Jacobi forms and Borcherds
products
In this section, we study the graded ring of all weakly holomorphic Ja-
cobi forms of weight 0 with integral Fourier coefficients. By the well-known
isomorphism between vector-valued modular forms and Jacobi forms (see
[EZ85] or [CG13]), the space J !0,m of weakly holomorphic Jacobi forms of
weight 0 and index m is isomorphic to the space of nearly holomorphic
modular forms of weight −12 for the Weil representation associated to the
discriminant form of the lattice A1(m), i.e. the lattice Z of rank 1 with bi-
linear form 2mx2. By means of this isomorphism, as a variant of Borcherds
products (see [Bor98]) at one-dimensional cusp of a modular variety, Grit-
senko and Nikulin [GN98] constructed a lifting from weakly holomorphic
Jacobi forms of weight 0 to meromorphic Siegel paramodular forms.
Let φ ∈ J !,Z0,m and Γm be the paramodular group of polarisation m.
Then the Borcherds product of φ, denoted by Borch(φ), is a meromorphic
paramodular form for Γm with a character (see [GN98, Theorem 2.1]). The
following theorem gives an explicit description of J !,Z0,m.
Theorem 4.1. The graded ring of all weakly holomorphic Jacobi forms
of weight 0 and integral index with integral Fourier coefficients is finitely
generated over Z. Moreover, we have
J !,Z0,∗ = Z
[
j, φ0,1, φ0,2, φ0,3, φ0,4,
E24E4,1
∆
,
E24E4,2
∆
,
E24E4,3
∆
]
,
where j = E34/∆. The generators φ0,1, φ0,2 and φ0,3 are algebraically inde-
pendent over C. The other generators satisfy the following relations:
4φ0,4 = φ0,1φ0,3 − φ
2
0,2,(
φ20,1 − 24φ0,2
)3
= j
(
−φ20,1φ0,4 + 9φ0,1φ0,2φ0,3 − 8φ
3
0,2 − 27φ
2
0,3
)
,
6
(
E24E4,1
∆
)2
− jφ0,1
(
E24E4,1
∆
)
+ 72jφ20,1 + j(j − 1728)φ0,2 = 0,
6
E24E4,2
∆
=
(
E24E4,1
∆
)
φ0,1 − jφ0,2,
2
E24E4,3
∆
=
(
E24E4,1
∆
)
φ0,2 − jφ0,3.
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Proof. Let φ ∈ J !,Z0,m. If m = 0, the function φ is in fact a modular function
with a possible pole at infinity, which implies that φ ∈ Z[j]. When m > 0,
there exists a natural number l such that ∆lφ is a weak Jacobi form by the
definition of weakly holomorphic Jacobi forms. We denote the smallest one
by n. As in the proof of Theorem 3.5, we can construct the following weak
Jacobi forms of weight 12 and index m with integral Fourier coefficients:
G12,0 = E
3
4 , G12,1 = E
2
4E4,1, G12,2 = E
2
4E4,2, G12,3 = E
2
4E4,3,
G12,m = G12,m−3φ0,3 −G12,m−4φ0,4 = 1 +O(q), m ≥ 4,
G
(1)
12,m = G12,m−1φ0,1 = ζ
±1 + 10 +O(q), m ≥ 1,
G
(i)
12,m = E
3
4ψ
(i)
0,m = ζ
±i + c0 +
∑
1≤j<i
c(j)ζ±j +O(q), m ≥ 2,
where c(j) ∈ Z and 2 ≤ i ≤ m. Therefore, there exist integers xi ∈ Z such
that the q0-term of the function
Φn = ∆
nφ− x0E
3(n−1)
4 G12,m −
m∑
i=1
xiE
3(n−1)
4 G
(i)
12,m
equals 0. Thus,
Φn/∆ ∈ J
w,Z
12(n−1),m
and the smallest natural number l such that ∆l(Φn/∆
n) ∈ Jw,Z12∗,m is equal
to n− 1. Hence we complete the proof by induction of n. 
To finish the paper, we consider the Borcherds products related to the
generators of J !,Z0,∗. The Fourier coefficients of the first generator j(τ) deter-
mine the remarkable infinite product formula of the difference j(τ1)− j(τ2).
This formula was independently proved by Koike, Norton, and Zagier in the
1980th. It was the first pro-example of the Borcherds automorphic product
construction (see details in [Bor92]).
As we mentioned in the introduction, the generators φ0,1, . . . , φ0,4 give
the basic Siegel paramodular forms Borch(φ0,m)
∆5 ∈ S5(Γ1, χ2), ∆2 ∈ S2(Γ2, χ4), ∆1 ∈ S1(Γ3, χ6)
and ∆1/2 ∈M1/2(Γ4, χ8) with the simplest possible divisor Γm < (z = 0) >
where Γm is the corresponding paramodular group acting on the Siegel upper
half-plane H2 and χl is a character (or a multiplier system for χ8) of order
l (see [GN98] for details).
To describe the last three generators, we consider
φ(τ, z) =
∑
f(n, l)qnζ l ∈ J !,Z0,m.
It is known that the Fourier coefficients f(n, l) depend only on the number
4nm− l2 and the class of l in Z/2mZ. In addition, f(n, l) = f(n,−l). The
Fourier coefficient f(n, l) satisfying 4nm−l2 < 0 is called singular. The divi-
sor of Borch(φ) is the union of a finite number of Humbert modular surfaces
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and the multiplicities of irreducible Humbert modular surfaces are deter-
mined by the singular Fourier coefficients of φ (see [GN98, Theorem 2.1]).
Thus, for 1 ≤ m ≤ 4, the singular Fourier coefficients of φ are completely
determined by the Fourier coefficients f(n, l) with n ≤ 0. By Theorem 4.1,
it is possible and easy to construct the Jacobi form with any given integral
singular Fourier coefficients. Therefore, we can construct any paramodular
form of level ≤ 4 whose divisor is a certain linear combination of Humbert
modular surfaces.
For the last three generators in Theorem 4.1 the singular part has a very
simple form. We have
ψ0,1 =
E24E4,1
∆
− 56φ0,1 = q
−1 + ζ±2 + 70 +O(q) ∈ J !,Z0,1.
The Borcherds product of ψ0,1 is the basic Siegel modular form of odd weight,
it is the Igusa modular form ∆35. Similarly, we have
ψ0,2 =
E24E4,2
∆
− 14φ20,1 + 216φ0,2 = q
−1 + 24 +O(q) ∈ J !,Z0,2,
ψ0,3 =
E24E4,3
∆
− 2φ30,1 + 33φ0,1φ0,2 + 90φ0,3 = q
−1 + 24 +O(q) ∈ J !,Z0,3.
Then Borch(ψ0,2) and Borch(ψ0,3) are strongly reflective modular forms of
weight 12 with complete 2-divisor for Γ2 and Γ3, respectively.
In the theory of the Lorentzian Kac–Moody algebras the paramodular
forms ∆5, ∆2, ∆1 and ∆35 determine four basic algebras with a Weyl vector
of negative norm (in the signature (2, 1)) and the forms ∆1/2, Borch(ψ0,2)
and Borch(ψ0,3) determine Kac–Moody algebras with a Weyl vector of norm
zero. In particular, ∆35 determines the Lorentzian Kac–Moody algebra with
the simplest hyperbolic group isomorphic to GL2(Z) and the smallest Cartan
matrix (see [GN98] for details).
Let us remark that the results of the paper give some further applications
to the theory reflective modular forms. There is an identity related to sin-
gular Fourier coefficients of a weakly holomorphic Jacobi form of weight 0
(see [GN98, Lemma 2.2]):
(4.1)
∑
l∈Z
f(0, l)−
6
m
∑
l∈Z
f(0, l)l2 − 24
∑
n<0,l∈Z
f(n, l)σ1(−n) = 0.
For any given Borcherds product F , if the multiplicities of its divisor are
known, then we know the singular Fourier coefficients of the corresponding
weakly holomorphic Jacobi form φ of weight 0. Applying (4.1) to φ, we can
calculate the weight of F as in [Wan18] for the case of reflective modular
forms.
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